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Electronic transmission properties in a mesoscopic necklace with inhomogeneous magnetic flux
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The electronic transmission properties and the energy spectrum of a mesoscopic necklace with inhomoge-
neous flux is calculated. We found interesting transmission behavior that is quite different from the case with
homogenous flux. In this model, the transmission depends on both the modulation mode and the amplitude of
the flux. The electronic transmission properties can be explained from the energy spectrum of the system.
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I. INTRODUCTION

Quantum transport through mesoscopic systems has
extensively studied during recent years@1–10#. With the de-
velopment of fabrication technology in semiconductors a
related areas, it is possible to fabricate devices with s
smaller than the electronic coherence length and thus e
trons can tunnel through the samples coherently and s
some interesting quantum mechanical effects, such as pe
tent current in isolated mesoscopic rings@5#, etc. This may
open a very rich field of great theoretical and experimen
interest concerning these devices.

For the mesoscopic systems, theoretical study has lar
concentrated on the persistent current of isolated ri
@5,6,11# and the transmission of electrons through open r
systems that are connected via leads to electron reser
@12–16#. In both cases, the rings are threaded by a magn
flux F.

Recently, Takai and Ohta investigated the quantum os
lation and Aharonov-Bohm effect in a multiply connect
normal-conductor loop@17,18# and obtained many interes
ing results. In their systems, rings are serially connected
a lead between two succeeding rings. These authors hav
considered the case of the mesoscopic system with hom
enous flux. However, it is interesting to ask what will happ
if the systems are threaded by an inhomogeneous flux. T
rectically speaking, since the energy spectrum of the e
trons in this case will definitely differ from the case wi
constant magnetic flux, and thus will cause some change
the electronic transmission properties, the changes could
to certain transmission properties that would then be av
able to examine the predictions of the quantum interfere
effect. Experimentally speaking, it is now possible to co
struct and detect the field inhomogeneous at the scale of
sub-mm, thus providing the possibility of examining it; an
these new transmission properties will perhaps be usefu
designing a new type of device. In the case with inhomo
neous magnetic flux, neighboring rings will carry differe
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flux, i.e., the hopping integral in each ring will be modulat
by a different phase, and therefore results in some m
matches of phase between neighboring rings, thus leadin
certain interference effects. In this paper we will investiga
the electronic transmission properties of a mesoscopic o
necklace of loop geometry@19,20# with inhomogeneous flux.
The structure of it is illustrated in Fig. 1. This structure
similar to that of Takai and Ohta but differs from theirs
terms of which of the succeeding rings in this model a
directly connected.

The Hamiltonian of the system can be written as

H5(
i

e ici
†ci1(

^ i , j &
Vi , j ci

†cj , ~1!

where theci
† (ci) is the creation~annihilation! operator, and

e i is the on-site energy, which is set to be 0 in this paper.Vi , j
is the nearest-neighbor overlap integral, which is modula
by the magnetic flux, and can be written asVi , j5Veiu i j ,
whereu i j is the phase imposed by the magnetic field on
hopping from sitei to site j , V is the intrinsic overlap inte-
gral and it is set to be 1 as a unit of energy in this paper

It is easy to write the following equations for the wav
amplitudes on the upper arm, the lower arm, and the ne
lace nodes as

Ewn5e2 ign21/4xn211eign21/4cn211eign/4xn1e2 ign/4cn ,

~2!

FIG. 1. The necklace with inhomogeneous flux. Each loop
threaded by a different fluxF i , and the system is connected to tw
semi-inifinite linear leads.
6010 ©1999 The American Physical Society
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FIG. 2. The transmission coeffficient as a function of energy for the case with cos-modulated flux, with different modulation p
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Exn5e2 ign21/4wn1eign/4wn11 , ~3!

Ecn5eign21/4wn211e2 ign/4wn11 , ~4!

whereg i52pF i /F0 , F05h/e, andF i is the flux thread-
ing i th ring of the system.

Eliminating xn andcn leads to the following equation:

S E2
4

EDwn2
2

E
cos

gn21

2
wn212

2

E
cos

gn

2
wn1150, ~5!

while it is a little different at the boundaries

S E2
2

EDwn5wN111
2

E
cos

gN21

2
wN21 , ~6!

S E2
2

EDw15w01
2

E
cos

g1

2
w2 . ~7!
II. MODEL

We will solve the transmission problem in the neckla
system connected to the two semi-infinite linear leads. T
wave function in the linear lead is taken as a single Blo
wave specified by a wave vectork. Thus

wn5Reikn1R1e2 ikn, n<1,

S E2
4

EDwn5
2

E
cos

gn21

2
wn211

2

E
cos

gn

2
wn11 , 1<n<N,

~8!

wn5Teikn, n>N11,

whereT is the transmitted amplitude;R andR1 is the input
and reflected amplitude, respectively. In the linear lead,
dispersion relationE52 cosk holds. Thus the transmissio
coefficientt is
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t5
uTu2

uRu2
. ~9!

Without loss of generality, we setT to be 1 since in linear
systems the output intensity is proportional to the input
tensity.

Equation~5! can be rewritten as

FIG. 3. The critical energy of the two subintervals as a funct
of modulation period~for cos-modulated flux! at fixedFmax.
-

S wn11

wn
D 5S E224

2 cos
gn

2
2

cos
gn21

2

cos
gn

2

1 0

D S wn

wn21
D , ~10!

introducing

FIG. 4. The critical energy ofE1 , E2 as a function ofFmax at
fixed b.
FIG. 5. The transmission coefficient as a function of energy for the case with sawtoothed flux.l 52. Note that for large flux no
transmission is permitted.
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M ~n!5S E224

2 cos
gn

2
2

cos
gn21

2

cos
gn

2

1 0

D , Cn115S wn11

wn
D ,

~11!

whereM (n) is the transfer matrix. We can write

Cn115M ~n!Cn5•••5P~n!C1 , ~12!

whereP(n)5) iM ( i )5M (n)M (n21)•••M (1) is the total
transfer matrix. And thus the transmission coefficient
given by

t5
4~sink!2

u@P~n!#211@P~n!#121@P~n!#22e
ik2@P~n!#11e

2 iku2
.

~13!

III. RESULTS AND DISCUSSION

In the following discussion, we consider different co
figurations of inhomogeneous flux, and deal with only t
case of the electrons with positive energy.

Considering the following modulated flux:

F i5FmaxcosS 2p i
b

ND , ~14!

whereF i denotes the flux threadingi th loop,N is the num-
ber of loops, andb is a parameter determining the period

FIG. 6. The transmission as a function of energy for the c
with sawtoothed flux with different modulation period.
sflux. In our investigation, we takeN5100, but the results
hold for system with any even loops.

We show in Fig. 2 the main results. Numerical stud
show that whenb5(k/4)N, where k50,61,62,63, . . . ,
transmission always occurs when the energy of the elect
is greater than a critical valueEc , as shown in Fig. 2~a!. The
value of Ec depends onFmax. This result is similar to the
case with constant magnetic flux@20#. This can be under-
stood if we look at Fig. 9, in which the energy spectrum
the system does not split into two~or more! subbands and
there is no energy gap appearing in the case under cons
ation ~modulated periodb5(k/4)N], while if b is an integer
other than the above values, as shown in Figs. 2~b! and 2~c!,
an interesting phenomenon occurs. Now transmission o
occurs in the separate intervals (Ec ,E1),(E2 ,2) where
E1 , E2 take different values. Studies also show thatEc is
independent ofb, and the values ofE1 andE2 are related to
Fmax and b. This happens because of the previously me
tioned phase mismatch. When the mismatch attains spe

e

FIG. 7. The transmission of the system with random distribu
flux. When the amplitude of the flux increases, the pass-bandw
decreases.
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FIG. 8. The energy spectrum of the system with cos-type modulated flux as a function of flux at fixed modulation period.
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values, the electrons with energy in the corresponding ran
cannot transmit through the system, thus leading to the
mation of a transmission gap. This is the quantum inter
ence effect. In order to see clearly how they change with
change ofb for fixed Fmax, we plot in Fig. 3 the values o
E1 andE2 as a function ofb. From the figure we can see th
the increase~decrease! of E1 and E2 are near synchronou
perfectly with the change ofb thus keeping the width of the
transmission gap nearly constant. In Fig. 4, for comparis
we show the change ofE1 ,E2 with the change ofFmax at
fixed b, and they increase~decrease! ‘‘synchronously’’ too.

Another case we consider here is the modulated flux
the form

F i5Fmax

mod~ i ,l !

l 21
, ~15!

where l is a parameter controlling the period of the mod
lated flux, andi means thei th ring. It is clear that there will
be l possible values of the magnetic flux. Numerical stud
show that the transmission behavior in this case is m
more complicated.

We will represent here the results whenl takes some spe
cial values. Figure 5 corresponds to the results for the cas
l 52, i.e., the flux in theeven~odd! loop is 0 (Fmax). Trans-
mission occurs in a range (E1 ,E2), whereE2 is a critical
value less than 2, the band edge of the linear lead. The
tem acts as a ‘‘low-pass’’ filter in energy and this pass ba
es
r-
r-
e

n,

n

-

s
h

of

s-
-

width decreases with the increase of applied field until
pass band disappear if the applied flux is large enou
which can be clearly seen from the figures. As the amplitu
Fmax is increased to a critical value 0.445F0 , the transmis-
sion will no longer occur for even largerFmax. It is very
interesting to note the blocking of electrons without anydis-
order in the case of large enough flux. This is caused exc
sively by the quantum interference effect.

We show in Fig. 6 the results withl 510. More separate
transmission gaps are exhibited. Studies show that w
Fmax>0.18F0 , the energy region of the system correspon
ing to the whole energy band of the linear lead has b
broken into several~more than two! transmission subblocks
When Fmax<0.18F0 , the transmission will always occu
for the whole energy band of the linear lead, there only ex
some small tips in the transmission spectra but the trans
sion region does not break into subblocks, which is n
shown in the figure. For otherl, we found even more trans
mission subblocks.

For comparison, we have also investigated the effects
random distributed flux. The flux considered here is cho
to be a continuous distributed random variable, and the
sults are shown in Fig. 7. For small amplitude of flux, mo
of the states can transport through the system, the effec
small disorder is not so obvious; as the amplitude of the fl
increases, fewer and fewer electrons can transport thro
the system. These do coincide with previous results of Fig
When the amplitude of the flux exceeds a critical value,
transmission occurs. In this case, disorder has played a
portant role. It seems that there exists a transition someth
like the extended-localization transition.
plitude.
FIG. 9. The energy spectrum of the system with cos-modulated flux as a function of modulation period at fixed magnetic flux am
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FIG. 10. The energy spectrum of the system with sawtoothed flux as a function ofFmax.
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In order to get insight into the above stated results, le
inspect the energy spectrum of the necklace system~exclud-
ing the linear leads at the two ends!. We hereby give some o
the energy spectra with different parameters in Figs. 8–
~we have represented in the figures only the positive ene
part of the corresponding energy spectrum!. Figure 8~a! cor-
responds to a cos-modulated flux withb50.3N. When the
magnitude of flux is very small, the conduction band exi
throughout the whole band of linear lead~0, 2!, which is
included in this energy spectrum, corresponding to a cont
ous transmission; with the increase of flux, the energy in
val ~0, 2! ~since only the electrons with energy less than
can propagate through the lead! splits into two subbands
separated by a gap between them, which contributes to
transmission gap in the previous figure. In Fig. 8~b!, the case
of b50.5N, we find a rather different energy spectrum.
does not split with the increase of applied flux, thus lead
to a continuous transmission spectra when the energy o
cident electron is greater than a critical value. This can
clearly seen from Eqs.~5! and ~8!. For this modulation pe-
riod, the ‘‘cos’’ term in the equation is the same for tw
succeeding rings, thus it is just the same as the constant
case. In this case, the energy spectrum can be written
closed form@20#:

E562A11 cos
g

2
cosk, ~16!

wheng is p, E is equal to62, and consequently no elec
trons can transport through the system.

In Fig. 9 we show the energy spectra~for cos-type modu-
lation! as a function of modulation period at differentFmax.
Figure 9~a! is the case with a relatively greater flux. Th
energy spectra show a complicated pattern, correspondin
a complicated transmission behavior. Figure 9~b! is the case
with a relatively smaller flux. It is clear that a gap occurs
the energy spectra, corresponding to the transmission
between the two transmission intervals in Fig. 3, and the
permitted energy bands corresponding to the transmis
zone in Fig. 3. We can also find that whenb50.25kN
~where k is an integer!, the energy spectrum within~0,2!
doesn’t split, indicating a continuous transmission in the
terval (Ec,2).
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The energy band of the system with sawtooth modula
has also been investigated in the case of two different per
and the results are shown in Fig. 10. Figure 10~a! is the case
with l 55. Now the energy spectra is to some extent sim
to the case with cos-modulated flux, but the energy spe
splits into more subbands than the latter case. Figure 10~b! is
the case ofl 510; clearly, even more subbands occur. In bo
of the above cases, with the increase of flux the conduc
bands become increasingly narrow, the gaps become inc
slingly wide; and the separated conduction bands even o
lap if the flux is large enough.

IV. SUMMARY

We have investigated the quantum interference effects
transmission properties of the necklace loop structure w
modulated flux and many interesting results have been
tained. For periodic modulated flux, the transmission prop
ties of electrons are sensitive to both the modulation m
and amplitude. We found interesting on-off phenomena
the transmission spectra, which may be useful in fabricat
special devices. As a physical application, for example,
controlling the period or the amplitude of the flux we ca
select the electrons with the required energy to transp
through the system, thus used as a energy ‘‘filter,’’ or
switch, etc. As to the experimental realization of this syste
first, people can fabricate this structure without any difficu
with the development of modern nanotechnology; seco
the inhomogenous magnetic field can be realized as follo
the necklace system can be placed on a substrate th
threaded with a homogenous magnetic field, and the sus
tibility of the substrate can vary on the scale of the size o
single ring, with a mode of the required modulation. T
magnetic flux can also be detected with already existing
vice such as a SQUID microscope. For disordered flux, w
the increase of the amplitude of flux, fewer and fewer el
trons can transport through the system, until the amplitude
the flux exceeds a critical value after which no transmiss
can occur.

For an explanation from other aspects of the physics
the transmission problem, we have calculated the ene
spectra of the system as a function of the amplitude
modulation period of the flux and found that the transmiss
properties can be understood from the energy band.
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